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In addition to the known pseudomagnetic field, nonuniform strains independently induce a
position-dependent Fermi velocity (PDFV) in graphene. Here we demonstrate that, due to the
presence of a PDFV, the Dirac fermions on a nonuniform (strained) honeycomb lattice may experi-
ment a sort of magnetic effect, which is linearly proportional to the momentum of the quasiparticle.
As a consequence, the quasiparticles have a sublinear dispersion relation. Moreover, we analyze
the general consequence of a PDFV on the Klein tunneling of electrons through pseudomagnetic
barriers. In particular, we report an anomalous (Klein) tunneling for an electron passing across ve-
locity barriers with magnetic features. Our findings about the effects induced by a PDFV on Dirac
fermions in (2D) strained honeycomb lattice could be extended to (3D) Dirac and Weyl semimetals
and/or its analogous artificial systems.
I. INTRODUCTION
One of the key features of graphene is its conical
electronic band-structure at the so-called Dirac cones.
As a consequence, in this two-dimensional conductor,
low-energy electrons behave as massless chiral Dirac
fermions [1, 2]. This special electronic behavior has sug-
gested the possibility of observing Klein tunneling [3–5],
originally predicted in the context of particle physics.
Another relevant feature of graphene lies in the unusual
influence that the elastic lattice deformations have on its
electronic properties [6–8]. Nonuniform strains in partic-
ular constitute a useful tool to implement the concept of
strain engineering in graphene because they may induce
a pseudomagnetic field [9, 10]. Many scanning tunneling
microscopy studies in graphene have reported pseudo-
Landau levels as signatures of a strain-induced pseudo-
magnetic field [11–15], as was also confirmed by means
of angle-resolved photoemission [16]. The effects of such
an elastic gauge field on the electronic transport proper-
ties of graphene are actively being investigated, partic-
ularly those related to the control of the valley degree
of freedom: graphene valleytronics [17–20]. In general,
nonuniform strained graphene opens new opportunities
to research exotic and in some cases unique behaviors,
such as a metal-insulator transition [21, 22], a fractal
spectrum [23, 24], superconducting states [25, 26], and
the quantum Hall effect [27, 28].
In addition to the mentioned strain-induced pseudo-
magnetic field, another known effect that arises from
nonuniform strains is a position-dependent Fermi veloc-
ity (PDFV) [29], which might induce confinement ef-
fects [30–34]. Evidence of the PDFV effect in strained
graphene has been detected through scanning tunnel-
ing spectroscopy (STS) [35, 36]. These experiments are
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based on the fact that the slope of V-shaped STS spec-
tra shows variations at different positions of the sam-
ple if the Fermi velocity is spatially varying. Alterna-
tively, Landau-level spectroscopy measurements can be
used to confirm PDFV effects [37, 38]. Fingerprints of a
PDFV on the Landau level spectrum have been theoreti-
cally addressed [38–40]. For example, from tight-binding
and Dirac approaches, it was demonstrated in terms of
a PDFV that nonuniform uniaxial strains (ripples) pro-
duce position-dependent local density-of-states peaks of
graphene under an external uniform magnetic field [38].
Otherwise, Landau levels in rippled graphene are shifted
towards lower energies proportionally to the average de-
formation [40].
More recently, Lantagne et al. [41] drew attention
to the possibility of achieving spatially separated valley
currents and a valley analog to the chiral anomaly in
graphene nanoribbons under uniaxial nonuniform strain.
Their findings are based on the following remarkable fea-
ture: In the presence of certain uniform strain-induced
pseudomagnetic fields, the resulting pseudo-Landau lev-
els in graphene are not flat but disperse linearly for small
wave-vectors away from the Dirac point, with an opposite
slope between the two valleys. As previously reported
in the literature [42, 43], such dispersive behavior of the
pseudo-Landau levels was explained by Lantagne and col-
leagues [41] as a consequence of a PDFV, confirming that
its presence has important physical consequences. How-
ever, they do not discuss the possible magnetic effect of
a PDFV. The present paper is devoted to demonstrat-
ing that, even in the absence of a strain-induced pseu-
domagnetic field, a PDFV may induce by itself a sort of
magnetic field (and therefore a Lorentz-like force) on the
charge carriers in strained graphene.
For the sake of generality, we present this work in the
broader context of strained honeycomb lattices, i.e., be-
yond strained graphene. Nowadays, synthetic systems
with honeycomb lattices are artificially created to mimic
the behavior of Dirac quasiparticles, such as molecu-
lar graphene [44], ultracold atoms [45], photonic lattices
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2[46, 47], polaritonic systems [48, 49], and acoustic struc-
tures [50, 51]. These artificial graphene-like systems offer
the advantage of tuning, in a controlled and independent
manner, the hopping parameter between different lattice
sites. As a consequence, they open a door to explore
the physical effects as well as applications of gauge fields
[44–51]. For instance, for photonic lattices, it has been
envisioned that such pseudoelectromagnetic fields will be
useful for applications, such as chip-scale nonlinear op-
tics and coupling to quantum emitters, where strong en-
hancement of light-matter interaction is achieved from
the high density-of-states associated with flat bands [47].
To a large degree, applications of synthetic gauge fields
concern phenomena related to the physics of topological
quantum matter [52, 53]. Moreover, it is worth pointing
out that such gauge fields also offer the opportunity to
investigate novel effects that come from other fields of
research, such as high-energy physics [52].
The manuscript is organized as follows. Sec. II
presents the low-energy theory of Dirac fermions on a
nonuniform (strained) honeycomb lattice. In Sec. III,
we derive and discuss magnetic effects due to a PDFV
on charge carriers. Further, Sec. IV illustrates the con-
sequences of such PDFV-induced effects on the (Klein)
tunneling of electrons through pseudomagnetic barriers.
Finally, in Sec. V, our conclusions are presented.
II. MODEL AND THEORY
Homogeneous Anisotropy.—Within a nearest-neighbor
tight-binding model for a homogeneous anisotropic hon-
eycomb lattice, e.g. uniformly strained graphene, with
different hoppings t1, t2 and t3 between nearest sites but
independent of the position (see Fig. 1(a)), the Hamilto-
nian in momentum space can be expressed by a (2 × 2)
matrix of the form [54]
H(k) = −
3∑
n=1
tn
(
0 e−ik·an
eik·an 0
)
, (1)
where an are the nearest-neighbor vectors. This Hamil-
tonian leads to the dispersion relation of two bands,
E(k) = ± ∣∣t1eik·a1 + t2eik·a2 + t3eik·a3∣∣ . (2)
As is well known, for the isotropic (unstrained) case,
t1,2,3 = t, the positions (K
D) of the Dirac cones are
located at the corners (K) of the first Brillouin zone.
Nevertheless, for an anisotropic honeycomb lattice, KD
do not coincide with K, as illustrated in Fig. 1(b). In
consequence, to obtain the appropriate effective Dirac
Hamiltonian, one can no longer expand the Hamiltonian
(1) around K, but around KD [30, 55–57].
Writing the hoppings as
tn = t(1 + δn), (3)
(a) (b)
FIG. 1. (a) Anisotropic honeycomb lattice. Their nearest-
neighbor hoppings are dependent on the direction but inde-
pendent of the position. (b) Illustration of the Dirac cones
shift away from the Brillouin zone corners.
and the nearest-neighbor vectors as
a1 =
a
2
(
√
3, 1), a2 =
a
2
(−
√
3, 1), a3 = a(0,−1), (4)
a being the distance between nearest sites, the shift of
the Dirac cones (up to first order in the parameters δn)
can be expressed as [58]
KD ≈K +A, (5)
where
Ax =
τ
3a
(2δ3 − δ1 − δ2), Ay = τ√
3a
(δ1 − δ2), (6)
and τ is the valley index of K which can take the
values ±1 [59]. Then, by expanding the tight-binding
Hamiltonian in momentum space around KD, with k =
KD + q, the effective low-energy Hamiltonian of a uni-
form anisotropic honeycomb lattice becomes [58]
H = ~vF
∑
i,j
σi(Iij + ∆ij)qj , (7)
where vF = 3at/2~, Iij is the 2 × 2 identity matrix,
σ = (σx, σy) is a vector of Pauli matrices and ∆ij is
the symmetric matrix with the following entries
∆ij =
(
1
3 (2δ1 + 2δ2 − δ3) 1√3 (δ1 − δ2)
1√
3
(δ1 − δ2) δ3
)
. (8)
Therefore, from Eq. (7) one can recognize an
anisotropic Fermi velocity tensor expressed by,
vij = vF (Iij + ∆ij), (9)
which is directly related to the presence of the deformed
Dirac cones with an elliptical cross-section in the relation
dispersion due to the hopping anisotropy.
The general expression (7) enables us to obtain
straightforwardly the effective Dirac Hamiltonian once
the explicit form of the hopping parameters is given. For
example, for uniform strained graphene, the hopping pa-
rameters tn can be approximated up to first order in the
3strain tensor ij by tn ≈ t[1−(β/a2)
∑
i,j a
i
nija
j
n], where
t = 2.7 eV and β ∼ 3 [60, 61]. Then, for graphene un-
der uniform strain, δn = −(β/a2)
∑
ij a
i
nija
j
n, and hence
Eq. (8) results in ∆ij = −βij .
Inhomogeneous Anisotropy.—Now, let us to consider
that the hoppings are functions of the coordinates, i.e.
tn(r) = t(1 + δn(r)), varying slowly on the lattice scale.
For this general case, the effective low-energy Hamilto-
nian of the nonuniform anisotropic honeycomb lattice can
be obtained from Hamiltonian (7) as similar to previous
considerations for graphene [29, 30, 56, 57, 62] or Dirac
and Weyl semimetals [63, 64] under nonuniform strain.
Note that with the simple replacement δn → δn(r) in the
Hamiltonian (7), the terms of the form δn(r)qi break the
hermiticity of the resulting Hamiltonian. Therefore, to
assure hermiticity, the usual procedure consists of taking
Eq. (7) and doing the symmetric substitution
δnqi → δn(r)
(−i∂i −KDi (r))− i2∂iδn(r). (10)
Using this rule, and considering up to first order in the
parameters δn(r), the effective low-energy Hamiltonian
of the nonuniform anisotropic honeycomb lattice can be
written as
H = −i~
∑
i,j
σivij∂j −~vF
∑
i
σiAi−~vF
∑
i
σiΓi, (11)
where the Fermi velocity tensor vij(r) and the gauge field
A(r) are respectively given by Eqs. (9) and (6), but now
both are functions of the position vector r = (x, y) due
to the spatial dependence of the parameters δn(r). The
presence of a PDFV is accompanied by the purely imag-
inary vector field Γ(r) given by
Γi =
i
2vF
∑
j
∂jvij(r) =
i
2
∑
j
∂j∆ij(r), (12)
whose specific form guarantees the hermiticity of the
Hamiltonian (11). Unlike the well-known gauge field A,
Γ does not give rise to pseudo Landau levels; however, it
has physical significance [62].
If the effect of the hopping variation on the Fermi ve-
locity is not included, Eq. (11) reduces to the simpler
expression ~vF
∑
i σi(−i∂i − Ai). This last Hamiltonian
is typically used in the literature to evaluate and/or inter-
pret the strain effects on electronic properties in terms of
a pseudomagnetic field perpendicular to the lattice plane
and of strength Bps = ~(∂xAy − ∂yAx)/e, with e being
the quasiparticle charge.
Moreover, it is important to mention that Hamiltonian
(11) resembles the one for the Dirac fermions moving in
a curved background. Within a quantum field theory
description, the Fermi velocity tensor represents the viel-
bein (tetrad), which encoded the metric of the effective
curved space [29, 39, 56, 57]. As a consequence, the ef-
fects of a PDFV that we discuss in the next section can
be interpreted in terms of the emergent vielbein field. For
a detailed correspondence between the tight-binding ap-
proach followed in this paper and a quantum field theory
approach, see for example Refs. [29, 56].
III. MAGNETIC EFFECTS INDUCED BY PDFV
We now consider two illustrative cases of hopping vari-
ation in order to illustrate the corresponding magnetic-
like effects due to a PDFV on the quasiparticle dynamics
from Eq. (11).
A. Dispersive pseudo-Landau levels
It is well known that certain variations of the hopping
parameters lead to a uniform pseudomagnetic field (see
Ref. [52] and references therein). For example, this hap-
pens for
δ1(y) = δ2(y) = 3c0y/4 and δ3 = 0, (13)
since A = (−τc0y/2a, 0), and thus the pseudomagnetic
field turns out to be Bps = τ~c0/(2ea). In addition to
the uniform pseudomagnetic field, the hopping variation
(13) induces also a PDFV tensor given by
vij = vF
(
1 + c0y 0
0 1
)
, (14)
such that the Fermi velocity in the x-direction depends
on the y-coordinate. Moreover, note that Γ is zero.
So, for this case, the effective Dirac Hamiltonian (11)
reads as
H = −i~vF (1+c0y)σx∂x− i~vFσy∂y+vF eBpsyσx, (15)
which has translational symmetry along the x-direction.
As a consequence, the eigenfunctions can be represented
as Ψ(r) = eiqxxΦ(y) leading to the following eigenvalues
problem [
(qx + eBy/~)− ∂y
]
φ2 =
E
~vF
φ1,[
(qx + eBy/~) + ∂y
]
φ1 =
E
~vF
φ2, (16)
where B = Bps + ~qxc0/e = Bps(1 + τ 2qxa) and E is the
energy. By simple inspection, one can see that Eq. (16) is
analogous to the Landau level problem for massless Dirac
fermions in the presence of a uniform magnetic field of
strength B, whose spectrum is En = ±
√
2~v2F e|B|n, with
n an integer including zero [65]. Therefore, the eigenval-
ues of Eq. (16) can be expressed as
En,qx = ±~vF
√
|(c0/a)|n
√
1 + τ 2qxa, (17)
which can be understood as a result of the combined
action of two fields, i.e. the standard pseudomagnetic
field Bps = τ~c0/(2ea) and an effective magnetic field
4(b)(a)
FIG. 2. (a) Electronic spectrum for a zigzag nanoribbon (of
width ≈ 200 nm) without variation of the hopping parameters
and under an external magnetic field of strength B0 = 10 T.
As expected, flat Landau levels near the Dirac points are visi-
ble. (b) Electronic spectrum for a zigzag nanoribbon (of equal
width ≈ 200 nm) in the absence of an external applied mag-
netic field, but subject to the variation of the hopping param-
eters (13), with a resulting pseudomagnetic field Bps = 10 T.
Dispersive pseudo-Landau levels with linear dispersion can
be recognized. The spectra are obtained from tight-binding
calculations.
of strength ~qxc0/e, induced by the PDFV (14). Unlike
to the standard Landau levels, these resulting levels are
no longer flat but dispersive, as coined by Lantagne et
al. [41], because they depend on qx (see Fig. 2). For
small qx away from the Dirac point, the dependence is
linear (En,qx ≈ En(1+τqxa)) with an opposite slope sign
for each valley [41–43]. As reported in Ref. [41], spatially
separated valley currents and a valley analog to the chiral
anomaly are a direct consequence of dispersive pseudo-
Landau levels near the Dirac points in uniaxially strained
graphene nanoribbons.
In Sec. IV, we assess the role that the dispersive
pseudo-Landau levels (17) play in the tunneling of elec-
trons through pseudomagnetic barriers.
B. A sublinear dispersion relation
Now let us to consider an inhomogeneous honeycomb
lattice characterized by the following variation of the hop-
ping parameters
4δ1(x) = 4δ2(x) = δ3(x) = c0x, (18)
whose resulting gauge field isA = (τc0x/2a, 0) and, thus,
the corresponding pseudomagnetic field Bps is zero. Oth-
erwise, the hopping variation (18) induces a PDFV tensor
given by
vij = vF
(
1 0
0 1 + c0x
)
, (19)
such that the Fermi velocity in the y-direction depends
on the x-coordinate and, besides Γ = 0.
Then, for the considered case (18), the effective Dirac
Hamiltonian (11) can be written as
H = −i~vFσx∂x − i~vF (1 + c0x)σy∂y, (20)
with translational symmetry along the y-direction.
Therefore, the eigenfunctions can be casted as Ψ(r) =
eiqyyΦ(x), which leads to the following eigenvalues prob-
lem [
∂x + (qy + eBvx/~)
]
φ2 =
iE
~vF
φ1,[
∂x − (qy + eBvx/~)
]
φ1 =
iE
~vF
φ2, (21)
where eBv = ~qyc0 is due to the PDFV (19). As in the
previous example, one can recognize that problem (21) is
analogous to the Landau level problem for massless Dirac
fermions in the presence of a uniform magnetic field of
strength Bv. Therefore, the eigenvalues of Eq. (21) are
given by
En,qy = ±~vF
√
2|qyc0|n. (22)
In short, in a honeycomb lattice with a PDFV as given
by Eq. (19), and in the absence of the standard pseudo-
magnetic field, the dynamics of the Dirac quasiparticles
can be understood as if they feel an effective magnetic
field of strength Bv = ~qyc0/e. As a consequence, the
energy no longer depends linearly on the momentum qy,
but on the square-root E ∼√|qy|.
It is worthwhile to remark that, as mentioned at the
end of Sec. II, the results here obtained as a consequence
of a PDFV could be derived from the equivalent vielbein
field. In that case, the spectrum (22) would have been
called torsional Landau levels [66, 67], since the strength
of the vielbein field is referred to as the torsion or tor-
sional magnetic field [68, 69].
IV. KLEIN TUNNELING UNDER
PSEUDOMAGNETIC BARRIERS
Because of Klein tunneling, Dirac electrons can tun-
nel through electrostatic potential barriers without re-
flection, particularly for normal incidence [3–5]. This fact
makes it difficult to confine Dirac electrons, turning the
electronic switching into a big challenge for graphene-
based nanoelectronics. In contrast to electrostatic po-
tential barriers, magnetic barriers (as well as magnetic
quantum dots) are able to confine Dirac electrons [70–
73].
Consider a square-well magnetic barrier in the region
|x| ≤ d, such that the vector potential is given by
Ax = 0 and Ay(x) = B0
 −d, x < −dx, |x| ≤ dd, x > d , (23)
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FIG. 3. (a) On left-side, scattering geometry of Dirac electrons through a magnetic barrier along the y-axis with uniform
strength B0 and width 2d. On right-side, the respective polar graphs of the transmission probability T (φ) for B0 = 10 T,
d ≈ 7.1 nm and different energies. (b) Same as panel (a), but with the magnetic barrier along the x-axis.
with B0 being the strength of the external magnetic
field within the strip (see Fig. 3(a)). Proceeding as in
Refs. [70, 71], the electron scattering entering from the
left side can be characterized as follows. For x < −d, the
wave function can be written as
ΨI(x) =
(
eiqxx + re−iqxx
eiqxx+iφ − re−iqxx−iφ
)
, (24)
where q = (qx, qy) is the incoming wave vector, r is the
reflection amplitude, and φ is just the kinematic inci-
dence angle φi, i.e. φ = φi, because the gauge-invariant
velocity is v = vF (cosφ, sinφ). Also, note that the wave
vector is given by qx = ε cosφ and qy = ε sinφ + d/l
2
B ,
with ε = E/~vF and lB =
√
~/eB0 the magnetic longi-
tude.
Within the region |x| ≤ d, the wave function can be
expressed as a linear combination of parabolic cylinder
functions Dν (Weber functions),
ΨII(x) =
(
c1Dη−1(X ) + c2Dη−1(−X )
i
√
2/(εlB)[c1Dη(X )− c2Dη(−X )]
)
, (25)
where c1,2 are complex constants, X =
√
2(x/lB + qylB)
and η = (εlB)
2/2.
Otherwise, for x > d the transmitted wave function is
ΨIII(x) = t
√
qx/q′x
(
1
eiφ
′
)
eiq
′
xx, (26)
with t the transmission amplitude and φ′ (q′) the exit
angle (wave vector). From the conservation of qy, it re-
sults that sinφ′ = 2d/(εl2B) + sinφ, which implies that
for certain incidence angles φ, that fulfill the condition
− 1 ≤ sinφ ≤ 1− 2d/(εl2B), (27)
transmission is possible. However, when εlB ≤ d/lB , any
incoming electron is reflected, regardless of the incident
angle φ. Then, matching the wave functions and the flux
at the interfaces x = ±d, one can obtain in closed form
that the transmission amplitude t is given by [70],
t =
2iεlB
√
2q′x/qx cosφ
ei(q
′
x+qx)dQ (u
+
2 v
−
2 + v
+
2 u
−
2 ), (28)
where
Q = (i
√
2v+2 − εlBeiφ
′
u+2 )(−i
√
2v−1 + εlBe
−iφu−1 )
+ (i
√
2v−2 + εlBe
iφ′u−2 )(i
√
2v+1 + εlBe
−iφu+1 ),
u±2 = Dη−1[±
√
2(d/lB + qylB)],
v±2 = Dη[±
√
2(d/lB + qylB)],
whereas u±1 and v
±
1 follow by letting d→ −d in the last
two expressions, respectively. Finally, the transmission
probability is obtained as T (φ) = |t|2, which is ultimately
a function of the quantities φ, εlB and d/lB .
Figure 3(a) shows the φ-dependent transmission prob-
ability T (φ) of Dirac electrons (in graphene) for differ-
ent energies through a magnetic barrier with B0 = 10 T
and d = 50a ≈ 7.1 nm, with a being the carbon-carbon
distance. For this barrier, electrons with energies less
than ~vF d/l2B ≈ 62 meV are reflected, whereas for elec-
trons with energies of 70 meV, 100 meV and 200 meV,
the tunneling is possible for incident angles from −90°
to the limit angles −50.6°, −13.9° and 22.3°, respec-
tively (see Fig. 3(a)). If we consider the magnetic field
to be B0 = −10 T, the resulting transmission prob-
ability can be obtained from the symmetry relation
T (−B0, φ) = T (B0,−φ). On the other hand, Fig. 3(b)
depicts the same scenario of electron tunneling (presented
6in Fig. 3(a)) but choosing the magnetic barrier along the
x-axis.
A. A pseudomagnetic barrier (with dispersive
pseudomagnetic field)
Let us now suppose that the hopping parameters vary
as
δ1(y) = δ2(y) = 3c0/4
 −d, y < −dy, |y| ≤ dd, y > d , (29)
and δ3 = 0. In the strip |y| < d, this variation of the
hopping parameters induces a standard pseudomagnetic
field Bps = τ~c0/(2ea) and a Fermi velocity in the x-
direction depends on the y-coordinate. As discussed in
Sec. III A, both effects can be understood as if electrons
experience an effective qx-dependent magnetic field given
by B = Bps(1 + τ 2qxa). As a consequence, the previous
results about the transmission probability T through a
magnetic barrier (along the x-axis) can be extended to
the present case by replacing B0 with B, and thus the
magnetic longitude should be redefined as lB =
√
~/eB.
Following this procedure, T is obtained as a function of
the angle φ. Nevertheless, it is important to note that
for this case, in the incidence region y < −d, the gauge-
invariant velocity is v = vF ((1−c0d) sinφ, cosφ). Hence,
φ and the incident angle φi no longer coincide. They are
related by the expression
tanφi = (1− c0d) tanφ, (30)
which can be approximated by φi ≈ φ − 12c0d sin 2φ (in
radians) for c0d  1. At last, Eq. (30) allows to para-
metrically express T as a function of φi.
Figure 4(a) illustrates the transmission probability
T (φi) for electrons (with valley index τ = +1) tunneling
through the pseudomagnetic barrier induced by the hop-
ping variation (29). We assumed d = 50a, and the valor
of c0 was chosen such that Bps = 10 T. Note that if the
position dependence of Fermi velocity is disregarded, and
only the standard pseudomagnetic field Bps is taken into
account, then the transmission probability would be as
discussed above for a magnetic barrier with 10 T, which
is represented by the blue dashed lines in Fig. 4 for refer-
ence. Instead, the solid lines in Fig. 4 show the resulting
T (φi) when the position dependence of Fermi velocity
is taken into account, i.e., by considering that electrons
feel the effective qx-dependent magnetic field B. Com-
paring these results, it can be observed that, in general,
the higher the energy of the incident particle through the
pseudomagnetic barrier (29), the larger is the effect of the
PDFV on the transmission probability T . In detail, for a
given energy (see Fig. 4(b)), at grazing incidence angles
(close to 90°) the resulting T (φi) is slightly lower because
B > Bps since qx > 0 for incidence angles. Otherwise,
as illustrated in Fig. 4(c), at incident angles close to the
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FIG. 4. (a) Polar graphs of the transmission probability T (φi)
of Dirac electrons with different energies tunneling through a
pseudomagnetic barrier along the x-axis of width 2d and an
uniform standard pseudomagnetic field Bsp = 10 T. Solid
(dashed blue) lines correspond to the calculation regarding
(disregarding) the intrinsic position dependence of the Fermi
velocity inside the barrier. Panels (b) and (c) show T (φi) for
different ranges of φi, but the same energy E = 200 meV.
limit angle of tunneling, T (φi) turns out to be higher due
to B < Bps, which also leads to a shift of the limit angle
itself. In other words, the consideration of the position
dependence of Fermi velocity yields a broader spectrum
of tunneling angles.
B. A velocity barrier with magnetic features
Finally, let us consider the variation of the hopping
parameters,
4δ1(x) = 4δ2(x) = δ3(x) = c0
 −d, x < −dx, |x| ≤ dd, x > d . (31)
In contrast to the previous example, this does not in-
duce a standard pseudomagnetic field. Note that, as oc-
curred in Sec. III B, the induced gauge field is of the form
A = (Ax(x), 0), so that Bps = ~(∂xAy − ∂yAx)/e = 0.
However, the hopping variation (31) leads to an inhomo-
geneous Fermi velocity in the y-direction, which varies
linearly with the x-coordinate in the strip |x| < d, from
vF (1−c0d) at x = −d to vF (1+c0d) at x = d. According
to Sec. III B, this last fact mimics the presence of an effec-
tive qy-dependent magnetic field Bv = ~qyc0/e induced
by the PDFV. Therefore, regardless of the valley index,
an electron that travels from left to right through this
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FIG. 5. (a) Polar graphs of the transmission probability T (φi)
for electrons with different energies tunneling through a mag-
netic velocity barrier induced by the hopping variation (31),
such that c0d ≈ 0.03. (b) T (φi) close to the limit incidence
angle φL. (c) Dependence of φL as a function of the parameter
c0d.
kind of magnetic velocity barrier with incidence angle
φi > 0 (φi < 0) feels an effective magnetic field Bv > 0
(Bv < 0), while for normal incidence Bv = 0. Therefore,
it is expected that the transmission probability fulfills
T (φi) = T (−φi) and T (0) = 0 (see Fig. 5(a)).
Again the transmission probability T (φ) can be ob-
tained by using the results for a real magnetic bar-
rier, but now defining the magnetic longitude as lBv =√
~/e|Bv| =
√
1/|qyc0|. Also for this case, it is worth
noting that φ and the incident angle φi do not coin-
cide because, in the incidence region x < −d, the gauge-
invariant velocity is v = vF (cosφ, (1−c0d) sinφ). Hence,
both angles are related by expression (30).
Figure 5(a) shows T (φi) for electrons with different
energies tunneling through the magnetic velocity bar-
rier produced by the hopping variation (31). As in the
previous example, here we assumed that d = 50a and
c0d ≈ 0.03. The reported transmission probability spec-
trum is notably different from those of electrostatic po-
tential barriers [3–5], magnetic barriers[70, 71] and ve-
locity barriers [74, 75]. Its distinguishing feature is that,
irrespective of the electron energy, the transmission is
almost perfect (T ≈ 1) for the incidence angles in the
approximate range |φi| . φL, whereas it is completely
inhibited (T = 0) for |φi| ≥ φL (see Fig. 5(a)-(b)). The
limit angle φL is only determined by the barrier param-
eter c0d. By adapting Eq. (27) to the present case, we
obtain that φL is given by
φL(c0d) = arctan
[
(1− c0d) tan
[
arcsin
[
1− c0d
1 + c0d
]]]
,
(32)
which is plotted (in degrees) in Fig. 5(c). For instance,
φL(0.03) ≈ 69.8°, φL(0.1) ≈ 52.0° and φL(0.2) ≈ 35.6°.
Thus, varying c0d we could tune the collimation of an
electron flux that passes through this magnetic velocity
barrier.
V. CONCLUSIONS
In closing, we reported new effects due to a PDFV
on Dirac fermions in a nonuniform honeycomb lattice,
such as, for example, strained graphene or/and artificial
graphene-like systems. It was shown that, for certain spa-
tial dependencies of Fermi velocity, the electrons feel an
effective magnetic field. Unlike the known strain-induced
pseudomagnetic field, this new sort of magnetic field de-
pends on the electron momentum but not on the valley
index. Moreover, we studied fingerprints of a PDFV on
the transmission probability of electrons through pseudo-
magnetic barriers and velocity barriers. For the last ones,
we reported anomalous tunneling with magnetic features,
which suggests the possibility of using these types of ve-
locity barriers to achieving electron collimation as an al-
ternative to other routes [76–78]. In general, our results
confirmed that the presence of a PDFV can not be ob-
viated because it has important physical consequences,
expanding the concept of strain-engineering. Finally, the
reported magnetic effects due to a PDFV could be ex-
tended to (3D) Dirac and Weyl semimetals, including its
artificial versions, where a strain-induced PDFV has also
drawn attention [64, 79, 80].
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